We compute the quantum correction to the mass of the kink at the one-loop level in (1+1) dimensions with minimal supersymmetry. In this paper we discuss this issue from the Casimir energy perspective using phase shifts along with the mode number cut-off regularization method. Exact solutions and in particular an exact expression for the phase shifts are already available for the bosonic sector. In this paper we derive analogous exact results for the fermionic sector. Most importantly, we derive a unique and exact expression for the fermionic phase shift, using the exact solutions for the continuum parts of the spectrum and a prescription we had introduced earlier.
Introduction
Since early 1970's the calculation of the quantum corrections to the mass of the solitons in (1+1)-dimensional theories have received a great deal of attention. In 1974, Dashen et al. [1] calculated the leading quantum correction to the bosonic kink mass in φ 4 theory. Therein, the authors put the system in a box of length L and imposed periodic boundary conditions on the meson field leading to discretized frequencies, and then used the mode number cut-off for the ultraviolet divergences. They added a logarithmically divergent mass counterterm whose finite part was fixed by setting the tadpoles equal to zero in the trivial background. These soliton models were later extended to include supersymmetry (SUSY). The issue of quantum corrections to the mass of soliton in (1+1)-dimensional supersymmetric theories has a long and controversial history. Initially it was thought that in the computation of the quantum corrections to the mass of the supersymmetric solitons, the bosonic and fermionic contributions, exactly cancel. In that case, the Bogomolnyi-Prasad-Sommerfield (BPS) saturation condition would be preserved at the quantum level. The BPS bound ensures that the soliton mass (M ) is greater than or equal to the magnitude of the central charge (Z) to all orders in the quantum theory. At the classical level this bound is saturated, i.e. M = Z. In 1979, Schonfeld [2] computed the one-loop radiative correction to the mass of the SUSY kink using the supersymmetry algebra along with the mode number cut-off regularization method. There, a nonzero negative quantum correction, i.e. − m 2π , to the SUSY kink mass in (1+1) dimensions has been obtained. Later, Kaul and Rajaraman [3] showed that the energies of solitons in the presence of fermionic fluctuations receive a nonzero, finite but positive quantum correction. It was believed that if one analogously repeats the same procedure for SUSY kink mass as it has been used for the bosonic kink mass [1] , no exact result can be reached since the quantum mass of the kink in SUSY theories depends both on the choice of the boundary conditions and the regularization methods [4, 5] . In ref. [6] it was claimed that the Casimir energy, and therefore the soliton mass, depends on the right choice of the cut-off and only mode number cut-off yields correct results. However, later in 1999, Graham and Jaffe [7] resolved the subtleties regarding cut-offs, boundary conditions, and the counting of states that had plagued earlier calculations. Therein, the authors correctly obtained the one-loop corrections to the energy and central charge of the supersymmetric kink. The latter result is necessary to understand why the energy correction does not violate the BPS bound. In their strategy they used the continuum density of states to write the Casimir energy in terms of the phase shifts and regularized the continuum integral by subtracting the divergent Born approximations from the density of states. For this purpose, they expanded the scattering phase shifts as a Born series in the strength of the potential. They also used the Levinson theorem as an integral part of their procedure [7] [8] [9] [10] . Later in 2000, Litvintsev and Nieuwenhuizen [11] presented a generalized momentum cut-off regularization scheme, and obtained the correct result for the SUSY kink mass.
Since then, many other authors have used several different approaches to compute the one-loop quantum correction to the mass of the kink in (1+1) dimensions with minimal supersymmetry (N = 1). The most important of which are as follows: First, computation of the Casimir energy using the mode number cut-off [3, 4, 6, 12] . The second one is an approach based on the existence of the anomaly in the expression for the central charge [5] . They used dimensional regularization by higher derivatives to calculate the anomaly in the central charge and showed that there is an identical correction to the central charge, so that the BPS saturation condition does not disappear at the quantum level to all orders in the weak coupling regime. They used SUSY boundary conditions. In their work they separated the soliton from boundaries to find the correct value of the SUSY kink mass. As expressed in that article, they neglected "the boundaries of the fiducial interval." The third is using the heat kernel and the zeta-function analytic continuation method [13] . In the literature authors now agree on the correct value for the correction to the SUSY kink mass in (1+1) dimensions [11, [14] [15] [16] [17] , i.e. m . We believe that there are still some intricacies in this problem that have not been fully explored. In this paper we present an unambiguous and robust procedure to find the exact quantum correction to the SUSY kink mass in (1+1) dimensions. We make the usual assumption that the back-reactions of both the boson and fermion fluctuations on the kink is negligible [18, 19] . Our procedure is based on the mode number cut-off along with the use of the exact forms of the phase shifts and the counterterm which is consistent with SUSY. For this purpose we need the exact solutions of the coupled bosonkink as well as the fermion-kink systems. The former is already available and in this paper we shall derive and present the latter, which to the best of our knowledge has heretofore been absent. The exact fermion-soliton solutions include the bound states and their energies, and the continuum states whose asymptotic forms provide us with the information necessary for the computation of the phase shifts. We investigate the difficulty with defining the phase shift for the spinor ψ(x, t) when solitons are present, since the upper and lower components in general have different phase shifts. Our prescription to overcome this problem is to define the phase shift to be the average of those two phase shifts [20] . We check the consistency of the resulting fermionic phase shifts by using the strong form of the Levinson theorem [20] , as well as its weak form [21] . We have already used this prescription in several different models with consistent results [20, 22] . We have checked that the fermionic phase shift obtained in this problem by our general prescription matches the one obtained in [7] using a different procedure and tailored for cases where the potentials appearing in the decoupled equations for the components of the spinor are proportional to sech 2 (x). We have been careful to properly identify and retain all of the finite parts in the calculation of the Casimir energy, since they are crucial for the calculation of the correction to the SUSY kink mass. We should mention that in our approach, there is no ambiguity in the choice of boundary conditions, since we obtain the one-loop quantum correction to the SUSY kink mass using the exact forms of the bosonic and fermionic phase shifts. We like to emphasize the fact that we have used the Levinson theorem merely as a checking utility, and not as an integral part of our procedure. That is, using our procedure there is no need to use any fine-tunning such as the one provided by the Levinson theorem. Our analysis reveals a dynamically generated mass for the fermion at the tree level, and we explain some of its intricacies including its discontinuous nature, as mandated by SUSY.
This paper is organized in six sections: In section 2 we begin with some basic definitions of minimal supersymmetry. We write the Lagrangian describing our supersymmetric model at the end of this section. In section 3 we find the kink solution and exhibit the bosonic quantum fluctuations in the kink sector. They include two bound states and a set of continuum states. In section 4 we derive the coupled fermion-kink field equations and show that the exact solutions are in the form of Gauss's hypergeometric function. We derive the exact eigenvalues and eigenfunctions for these equations and compute the phase shifts of the fermionic fluctuations. Also, we check the consistency of the resulting phase shift with the Levinson theorem. In section 5 we use the exact expressions for bosonic and fermionic spectrum along with the expression for the bosonic and fermionic contributions to the SUSY counterterm in order to compute the one-loop quantum correction to the SUSY kink mass in (1+1) dimensions. Finally, in section 6 we summarize and discuss our results.
The minimal SUSY in (1+1) dimensions
We start with the definition of superspace in (1+1) dimensions which we use to work with the supesymmetric theories 1 . We construct the superspace by adding a two-component real Grassmann variable θ α = {θ 1 , θ 2 } to the two-dimensional space-time x µ = {t, x}. The following coordinate transformations subjoin SUSY to the Poincare transformations [5, 23] :
whereθ = θγ 0 and ε is some constant Grassmannian spinor. We shall use γ 0 = σ 2 and γ 1 = iσ 3 as a representation for the γ matrices in two dimensions. The real superfield Φ(x, θ) is a function defined in superspace and has the form
Where θ and ψ are real two-component spinors. It is straightforward to show that the superspace transformations (2.1) induce the following SUSY transformations:
These are the minimal, N = 1, supersymmetry transformations in (1+1) dimensions. The associated action which is invariant under the SUSY transformations is
where W(Φ) is a superpotential. Here the spinoral derivatives are given by
The explicit form of the Lagrangian in terms of its components is
We will take W(Φ) to be an odd function of Φ, i.e. W(Φ)= −W(−Φ). In this paper we work with the following Super Polynomial Model (SPM)
where the parameters m and λ are real numbers. Thus, the Lagrangian can now be written as
Note that in this model the fermion is ab initio massless. However, as we shall show in subsection 4.2, the interactions induce a dynamically generated mass at the tree level. This mass turns out to be independent of the coupling constant λ for λ > 0, and is equal to the mass of the elementary boson, due to SUSY. In the following sections we investigate the solutions for φ and ψ at the classical and tree level as well as their renormalization.
Bosonic Solutions
In this section we briefly review the properties of classical kink solution as well as its bosonic fluctuations. In the absence of the Fermi field ψ, the field equation for φ derived from the Lagrangian (2.8) possesses static classical solitary wave solutions, including the kink which has the following form
The classical energy of the kink is given by
Substituting the asymptotic values of φ, i.e. φ(∞) = 2), we find the classical kink mass as follows
3)
The eigenvalue equation for the quantum fluctuations about the kink, i.e. η(x) ≡ φ(x) − φ 0 (x), can be obtained by expanding the equation for φ derived from Eq. (2.8) and is given by
where z = mx 2 andη(z) = η(x). The exact solutions of Eq. (3.4) are well known [12, 24] . There are two discrete levels whose energies and wavefunctions are as follows,
The continuum states are given by
The asymptotic forms ofη q (z) are given by
is the bosonic phase shift of the scattering states given in Eq. (3.5c), and is shown in Fig. 1 . The allowed values of q can be discretized by the periodic boundary condition in a box of length L as follows, 
Fermion Fluctuations
We shall now consider the fermion fluctuations. The Euler-Lagrange equation for the Fermi field ψ derived from the Lagrangian (2.8) is
Ignoring the back-reaction of the fermion on the kink, as it is almost invariably done, we set φ = φ 0 which is the kink. We choose ψ(x, t) to have the form
where ω F is a real variable. Substituting Eq. (4.2) into Eq. (4.1), one obtains
Using the representation introduced in section 2 for the γ matrices, Eq. (4.3) can be represented as follows
The decoupled equations are as follows
We parametrize our equations by defining two new parameters,
, and
where j = {1, 2} denotes the upper or lower component, respectively. Therefore, both second order differential equations Eq. (4.5a) and Eq. (4.5b) can be written in the same following form
Our goal is to find the exact eigenvalues and eigenfunctions for this Schrodinger-like equation, analytically. We assume the following form for ψ
Hereafter we shall omit the superscript and subscript j, which refer to the component of the spinor, where no confusion could arise. By substituting the ansatz given in Eq. (4.8) into Eq. (4.7), we obtain
Since b is an arbitrary parameter, we can set
With the change of variables u = 
This is the differential equation for the Gauss hypergeometric functions. Therefore, this equation has the following exact solution 
Fermionic bound states
In this subsection we investigate the bound states for the Eq. (4.4). Without any loss of generality, we choose b to be a real positive constant. Then the second term in Eq. (4.12) diverges as u → 0 (x → ∞). Therefore we have to set B = 0 for the bound states. Then the solution which is finite at x = ∞ is 13) where N is the normalization factor. The bound state wave function should tend to zero when |x| → ∞. The solution given in Eq. (4.13) has the following asymptotic behavior as x → −∞,
14)
The first term goes to infinity since b > 0. For ψ(x) → 0 as x → −∞, the argument of the gamma function in the denominator of the first term should be a semi-negative integer 
(4.18)
Similarly, for the lower component we obtain
The superscript of ω F denotes component of the spinor (1 for upper and 2 for lower) and the subscript denotes the allowed value of n for that component. The solution with n = 1 for the spinor ψ(x, t) can be written as follows:
(4.21)
By substituting ψ 1 (x, t) into Eq. (4.4), we find N 2 = −i √ 3N 1 . Thus,
Also from Eq. (4.19) the single non-degenerate bound state with n = 0 and ω F0 = 0 has the following form (see also refs. [12] and [25] ) 23) where N 0 is the normalization constant.
Fermionic continuum states
To obtain the fermionic continuum states, it is sufficient to set the variable b = −ik, where k is the wave vector of the scattering states. As a result, we obtain
Note that a dynamical mass has been generated for the fermion at the tree level, which is independent of λ, and is equal to the mass of the elementary boson field, all valid for λ > 0. This is precisely what we expect from SUSY. However, this dynamical mass generation has unusual intricacies associated with it which we shall now explain. It is apparent from structure of the main Lagrangian given in Eqs. (2.6, 2.7) that the SUSY model is not well defined at λ = 0. For λ > 0 the theory is well defined. We have already investigated a somewhat analogous problem without SUSY in which the Yukawa coupling constant is a free parameter and not constrained to be related to the coupling in the bosonic sector. There we have discovered that there is also a dynamical mass generation for the fermion. However, that mass is proportional to the coupling constant. In this sense the dynamical mass generation in the SUSY case is discontinuous (see Fig. 2 ). The wave function corresponding to the first independent solution given in Eq. (4.12) is
By applying Eq. (4.4) and substituting the value of v and u for the upper and lower components we obtain 26) where N (k) is a normalization factor. Ignoring the extra constant multiplicative factor of the lower component shown in Eq. (4.26), both components have the following asymptotic behavior near x = ±∞:
It is apparent that this is a scattering state with an incident wave from the left. Analogous analysis shows that the second independent solution given in Eq. (4.12) corresponds to a scattering state with an incident wave from the right. m, and the threshold ones at ω = ±m . Note that Eqs. (2.6, 2.7) indicate that at λ = 0 the SUSY model is not well defined, and if one insists of attributing a mass to the Fermi field it can only be zero. The full and empty circles at λ = 0 are meant to reflect these facts.
Phase shift
Our calculation of the one-loop quantum correction to the SUSY kink mass includes finding the phase shifts of the scattering states, which we shall do without any approximations. Using Eq. (4.27), one can obtain the exact phase shift of the fermionic scattering states as follows, 
k (x), using Eq. (4.6), we obtain
(4.29)
Similarly we can compute the phase shift for the lower component ψ
k (x) which yields δ (2)
We have defined the fermionic phase shift to be the average of its values for the upper and lower components and this definition has been checked using the strong and weak forms of the Levinson theorem [20] . This definition yields a unique expression for the phase shift for the spinor ψ and has been used and checked in several different models, all giving consistent results [20, 22] . As we shall shortly show, it also yields consistent results for this problem. Using this definition we obtain,
the result is shown in Fig. 3 . The allowed value of k can be discretized by the anti-periodic boundary condition in a box of length L as follows,
In the L → ∞ limit, In the next subsection we investigate the validity of this phase shift using both the strong and weak forms of the Levinson theorem.
Levinson theorem
In this subsection we study the properties of the fermionic phase shift in connection with both the weak and strong forms of the of the Levinson theorem. With this study we not only check the consistency of our results, but also gain further insight into the spectral properties of the solutions. By imposing a boundary on the system and then sending the boundary to infinity, or by the more formal S-matrix arguments, one can find the following relation (see for example [26] ),
which relates the difference between the density of the continuum states in the free and interacting cases, i.e. the spectral deficiency in that continuum, to the phase shift. This relationship holds for each of the positive and negative continua, separately, and hence for the sum of the two. This leads to the weak form of the Levinson theorem for the Dirac equation which can be written in the following form (see for example [20] ) 35) where N is the total number of bound states, N t the total number of the threshold bound states at the given strength of the potential, and N Now we discuss the Levinson theorem for the fermionic phase shifts. First we should note that the system possesses particle conjugation symmetry which mandates that the spectrum be completely symmetric about the line E = 0. This in turn implies that δ(k = ∞) = 0, which is consistent with the phase shift shown in Fig. 3 . The fermions in the prescribed soliton background field have bound states at ω = 0, ω = ±( √ 3/2)m, and threshold bound states at ω = ±m (see Fig. 2 ). At λ = 0, the fermion is massless and two threshold bound states at ω = 0 separate the positive and negative energy continua (see Fig. 2 ). Therefore for λ > 0, 3/2 states have exited either one of the continua. According to the strong form of the Levinson theorem [20] , the phase shift at k = 0 for either one of the continua should be 3π/2, and Fig. 3 confirms this. Now, the weak form of the Levinson theorem as expressed in Eq. (4.35) is easily verified as follows
The one-loop correction to the SUSY kink mass
In this section we compute the radiative correction to the SUSY kink mass. The kink mass including the one-loop correction due to both bosonic and fermionic fluctuations, is given by [3, 17] ,
where M 0 is the classical energy of the kink or the kink mass in the zero order, the second term is related to the Casimir energy contribution, and the last term is the required counterterm to remove the divergence of the second term. Obviously the bound states' contribution to the Casimir energy is zero due to SUSY. Using the results obtained in the previous sections, the above equation can be rewritten as follows
Consider a box of length L. Using Eq. (3.8) and Eq. (4.32), k n and q n can be related to each other as follows
Thus, the term in brackets in Eq. (5.2) can be simplified as follows:
Therefore, in the L → ∞ limit, the total mass of the kink soliton up to one-loop correction is
We can eliminate the O(1/L) terms and obtain,
Integrating by parts, the corrected SUSY kink mass becomes
The total phase shift, including both fermionic and bosonic contribution, is
After some algebra, it is straightforward to find the following expression for the SUSY kink mass in the one-loop order
Note that the integral is logarithmically divergent. This divergence is exactly canceled by the SUSY counterterm. The mass counterterm δm is fixed by requiring that the tadpole counterterm cancels the tadpole graphs [11, 28] : where mΛ is a momentum cut-off. After some algebra, we obtain the SUSY counterterm
The bosonic loop (solid circle) contribution to the SUSY counterterm is proportional to Our result is in complete agreement with the accepted value of the supersymmetric kink mass reported previously.
Conclusions
In this paper we calculate the radiative correction to the kink mass up to one-loop in a (1+1)-dimensional theory with minimal supersymmetry. Our method is based on the exact calculation of the spectra and the phase shifts, including both the bosonic and fermionic contributions, which enables us to compute the SUSY kink mass. The exact solutions in the bosonic sector has already been available. We solve the equation of the fermion in the presence of the kink exactly and analytically and find the whole spectrum of the fermionic fluctuations including both the bound and continuum states. We find that while the Fermi field is ab initio massless, contrary to the elementary Bose field, a dynamical mass is generated at the tree level which is exactly equal to that of the elementary Bose field and is independent of the coupling constant due to SUSY. The presence of the kink causes a complication in the exact calculation of the fermionic phase shift. Our prescription to define the fermionic phase shift is to take the average of its values for the upper and lower components. This enables us to compute a unique and exact expression for the fermionic phase shift. We also check the consistency of the resulting fermionic phase shift by the Levinson theorem. We then explicitly compute the Casimir energy by the use of the phase shift method. We use the renormalized perturbation theory to cancel the divergent part of the SUSY kink mass by the appropriate SUSY counterterm. We show that this procedure is sufficient to obtain the accepted value for the mass of the kink in a (1+1)-dimensional theory with minimal SUSY at the one-loop level, and there is no need to use other theorems, such as the Levinson theorem, to remedy the divergences or even fix the finite part.
